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Abstract
We calculate the depletion length, W(R), at the surface of a cylindrical nanostructure of radius R and show that
W(R) satisfies the inequality Jp < W(R) <Re, where RJ'- V 2aP (e2Nd) is the depletion length at a planar interface (u is
the surface potential energy barrier, £ is the dielectric constant and Nd is the doping density), and R, - 2/2Wp is, as we
show, a critical radius below which, for R < Re, the structure is fully depleted. The standard result Jp therefore un-
derestimates the depletion length in a finite structure. The discrepancy between W(R) and Uv becomes significant when
the dimensions of the structure becomes comparable to the depletion length, as can occur in nanostructure de-
vices. © 2002 Published by Elsevier Science Ltd.
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The phenomenon of carrier depletion at interfaces in
semiconductor structures, such as at Schottky barriers,
doping interfaces, or heterojunctions, is an essential as-
pect of the physics of electron devices. A commonly used
expression for the depletion length (at a planar interface)
is [1] W = V2a0P(e 2Nd), where 0 is the potential energy
barrier associated with the interface, £ is the dielectric
constant, and Nd is the doping density. In conventional
devices, while knowledge of the extent of depleted re-
gions is an important parameter in understanding device
operation, the depletion zones typically represent a small
fraction of the device geometry. Thus, if R is a charac-
teristic device dimension, we typically have R > W. As
devices are fabricated with smaller feature sizes, how-
ever, particularly in the sub-100 nanometer regime, de-
vice dimensions become comparable with the spatial
extent of depleted regions and R W. For nanoscale
devices then, even a minor error in the estimation of
depletion lengths can potentially represent a significant
fraction of the device.
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In this article we consider carrier depletion at a cy-
lindrical semiconductor interface, such as occur in lat-
erally fabricated nanostructure devices [2]. The primary
results of this work are that, first, the depletion length is
not determined solely by material properties (as at a
strictly planar interface), but also depends on the size of
the structure, sometimes quite sensitively. Thus, we in-
dicate by W(R) the depletion length at a cylindrical
surface of radius R. (Henceforth we shall denote the
depletion length associated with a planar interface
as U- V 2aP (e2Nd).) As discussed below, a natural
length scale, 4, associated with depletion comes directly
from the Poisson equation for the electrostatic potential.
For R > a, W is given simply in terms of 4, and the
device size or shape is not a factor in calculating W. As
devices are made smaller, however, as when R a,, the
size of the structure becomes a relevant parameter af-
fecting W through the boundary conditions imposed on
the solution of the Poisson equation. A second major
result is that W(R) is always larger than Wi, and thus the
standard formula Uv underestimates the depletion length
in a nanostructure, sometimes significantly. We show
that W(R) satisfies the inequality Up < W(R) _<R,, where
R, 2 /; Wp is a critical radius below which, for R _<R,,
the structure is totally depleted.
0038-1101/02/$ - see front matter (© 2002 Published by Elsevier Science Ltd.
P11: S0038-1101(02)00009-6
J.H. Luscombe, CL. Frenzen I Solid-State Electronics 46 (2002) 885 889
Nanostructures are fabricated by lithographic pat-
terning followed by etching or other fabricational
processes. Laterally fabricated surfaces are therefore
generally non-planar, with surfaces locally characterized
by a radius of curvature, R. We take as a representative
geometry of a nanostructure a vertical cylinder of radius
R, since a cylinder better approximates the typical high
aspect ratio of vertical to lateral dimensions in nano-
structures than does a sphere. At microfabricated sur-
faces, we note that the local bonding configurations of
the atoms of the semiconductor are generally altered
relative to that in bulk, with the subsequent creation of
electron surface states as ultimately being responsible for
surface depletion [3]. We will not be concerned here with
the microscopic basis for the formation of the surface
potential energy barrier, 1. Rather, we simply take as
given the value of 0 and use it as a boundary condition
on the solution of the Poisson equation.
To gauge the effect of a curved surface on depletion,
we apply the "abrupt" depletion layer approximation [1]
to a cylindrical surface, and compare the results ob-
tained with those from the same approximation at a
planar interface. In the abrupt model, one takes the
depletion layer as totally devoid of carriers. This is of
course only a first approximation; a more realistic
treatment would include self-consistent screening effects,
either in a Thomas Fermi approximation [4] or in a
Hartree approximation [5].
In the absence of carriers, the Poisson equation for
the electron electrostatic potential energy, V, is given, in
the depletion region, by
V2 V e2Nd /, (1)
where for simplicity we take the dopants to be com-
pletely ionized donors. We use standard cylindrical co-
ordinates (p, 4,z) and assume that at a position p -R,
defining the location of the interface, V satisfies the
boundary condition
V(R) - -P. (2)
We take both V and 0 as defined relative to Ec, the bulk
conduction-band minimum of the host semiconductor.
It will be convenient in what follows to introduce a
characteristic length -= 2cOP(e2Nd), which follows
from the Poisson equation by dimensional analysis. The
Poisson equation, (1), expressed in terms t, is then given
by V2 V - 2-/ 02
Before discussing the solution to (1) in cylindrical
coordinates, however, it will be useful to first give the
derivation of the depletion width in the abrupt ap-
proximation at a planar interface. Then we apply the
same procedure to a cylindrical surface.
At a planar interface, the Poisson equation (1) in-
volves a second order derivative in a Cartesian coordi-
nate, x, say, normal to the interface, with the general
solution
(3)
The quantities x and ,8 in (3) are dimensionless constants
to be determined from the boundary conditions on V.
For uniformity of notation, we will take the interface to
be located at a position x - R, and thus one boundary
condition to be imposed on (3) is V(R) - 1. In addition,
we require that V vanish relative to E, at an interior
position x - R W,
V(R W) - 0, (4)
where W is the width of the depletion layer. Eqs. (2) and
(4), combined with (3), suffice to determine x and ,8 in
terms of R, Wand d.
To determine Win terms of the characteristic lengths
in the problem, 4 and possibly R, we require an addi-
tional condition. This can be done by imposing the re-
quirement that at the interior edge of the depletion layer,
V have zero slope, i.e., at the edge of the depletion re-
gion the built-in electric field vanish,
V'(R W) - 0. (5)
With (5) imposed on (3), together with (2) and (4), one
readily obtains the customary expression for the deple-
tion length,
W=4=W r. (6)
Note from (6) that W is independent of R, as it should
be in this case. Clearly, the width of the depletion layer
should be independent of where a planar interface is
located relative to the (arbitrary) origin of the coordi-
nate system.
For a cylindrical interface, however, this is not the
case, since there is an axis of symmetry that defines a
unique origin. From (1), the Poisson equation for a cy-
lindrically symmetric potential, V(p), is given by
(7)I d ( dV) -2¢p dp tPdp ) 2 -
The general solution to (7) is
V(p) = -P b + l ln(pl4) + 2 (P)2)
where y and 6 are dimensionless constants. If we impose
on (8) the same requirements as above ((2), (4), and (5)),
we obtain a transcendental equation for W(R),
(R -W)2[I( R In R -W)]1 1 22R 2_ . (9)




V(X) -O(7 + pg) + (Xg)2) .
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y(l Iny) I x, (10)
where y = (R W) 2 /R 2 and x = 22 /R2 . Clearly, for a
given nanostructure, i.e., for a given material system and
radius R, the value of x is fixed, and one must solve (10)
numerically for y. Once a value of y satisfying (10) has
been determined, the depletion length is given by
W(R) R[ y-(x)].
Before discussing the solutions of (10), we make two
observations. First, from an analysis of (9) (see (14)
below), it can be shown for R > p, that









Thus, when R > Wp, (6) will suffice as an estimate of the
depletion length. We note for GaAs that Wp is approx-
imately 30 nm for doping densities on the order of 1018
cm 3. Nanoelectronic devices with dimensions compa-
rable to this value of Wp can readily be fabricated, and
for these structures the correction terms in (11) are sig-
nificant. This brings us to our second observation. For a
given material system, i.e., for a fixed value of 4, as the
radius R of the structure is made progressively smaller,
(9) implies that the depletion length grows until it
reaches the value W - R, at which point the structure is
totally depleted. From (9), this first occurs at the critical
radius R, v A, v/ 2WP, with the structure totally de-
pleted for R < Re. Alternatively, for fixed R, as either the
doping density is decreased or the surface potential 0
increased (through biasing, for example), 4 will grow to
R12, at which point W - R again. Eq. (9), therefore,
although based on the simplifying assumption of a layer
totally devoid of carriers, provides a useful model of
depletion in finite semiconductor structures.
For a cylindrical structure the depletion length can
only have a value W <R, i.e., W cannot exceed the ra-
dius of the structure. This implies that the variable y in
(10) must lie in the range 0 <y < 1. The parameter x
must lie in the interval 0 _<x< I since (10) has no real
solutions for x > 1, and x is positive by definition. (For
x > I the structure is completely depleted, i.e., W - R.)
The right-hand side of (10) therefore satisfies 0 <
I -x < 1. Eq. (10) defines y implicitly as a function of x;
iff (y) =y(l Iny) thenO<f (y)< I for0<y<e. Since
f'y) Iny, f (y) increases monotonically from 0 to I
for 0 < y < I and decreases monotonically from I to 0
for I < y < e. For a given value of x satisfying 0 < x < I
there will thus be two solutions of (10), one occurring in
the range 0 < y < I and the other in the range I < y < e.
Clearly, the physical solutions of (10) are those in the
interval O<y < 1. It is easy to see from (10) that y 1 I
occurs for x - 0, which formally corresponds to W 0 
(as we show below, however, the actual minimum value
of W is Wp), while y 0 occurs for x - I and corre-
sponds to W - R. In Fig. 1, we show the physical branch
Fig. 1. The function y(x) obtained from the numerical solution
of (10), where x = 4e0/(R2e2Nd) is a dimensionless parameter
characterizing the nanostructure. The depletion length is given
by W(R) R[1 y(x)] The structure is completely depleted
for x 1.
of the function y(x) that results upon numerically solv-
ing (10).
The parameter x is fixed for a given nanostructure. If
we substitute some representative numbers into, x=
4c / (R2 e2 Nd), x has the value
(12)x 0.20 (c/13.2)(P /0.7 eV)(R 100 nm) 2 (Nd 1018 cm 3)
For small x, using standard series reversion methods, the
expansion of y(x), valid for the branch 0 <y < 1, is
y(x) I x+ 1x+ 2362
(xi 0)
35x2 + O(x 5/2)
(13)
Then, utilizing (13) together with W(R) - R[1
we obtain the expansion, valid for R > Wp,
W(R) - Wp I + I(WpIR)+ I(WpIR)2
+ 1030 ( WpIR) 3+ O( WpIR)4)0 (14)
Eq. (14) suggests that W(R) > Wp for all R. This in-
equality can in fact be shown directly from (10); see
Appendix A. We have also noted that the depletion
length is bounded from above, W(R) < R,; thus, we have
the inequality,
(15)
Both sides of this inequality are proved in Appendix A.
In Appendix B, we examine the behavior of W(R) as the
structure becomes totally depleted.
0.8 1
887
Wp _< W(R) _< R,.
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Eqs. (9) and (15) are the main results of this article.
Eq. (9) determines the depletion length W(R) for a cy-
lindrical semiconductor interface of radius R in the
abrupt depletion layer approximation. As we have
shown, in this model a given nanostructure is char-
acterized by a single dimensionless parameter, x=
4c / (R2e2 Nd). The depletion length is then determined
from the expression W(R) - R[1 y(x)], where y(x),
displayed in Fig. 1, is numerically obtained from the
solution of (10). Eq. (15), Jp '< W(R) < R,, is an in-
equality bracketing the possible values of W(R). The
lower bound, Up, is the depletion length for a planar
interface (R oc), while the upper bound, R. = 2Wp,
corresponds to a totally depleted nanostructure.
We have shown that Wp underestimates the depletion
length at a cylindrical surface. Practically, however, how
significant is the difference? From (11), we have seen that
the impact of a cylindrical surface will be insignificant in
structures for which R > Jp. In Table I we show W(R)
and Wp as a function of doping density for a GaAs cy-
lindrical structure of radius, R 100 nm. For doping
densities for which Wp is sufficiently small compared to
R, we see that, indeed, there is no practical difference
between the two estimates of the depletion length, W(R)
and W,. In the last two rows in Table 1, however, where
Wp becomes appreciable to R, we note how sensitive
the depletion length W(R) becomes to a small variation
in doping concentration. In particular, note that the
structure is completely depleted, i.e., W(R) R, when
W(R) - OM. In this doping regime, then, the cus-
tomary expression Wp is completely unreliable, and one
must use (9). In Tables 2 and 3, we show the variation of
W(R) with radius, for GaAs cylinders of fixed doping
density, with Nd 1018 and 1017 cm 3, respectively.
Again, when Wp is sufficiently small compared to R, the
variation of W(R) with R is relatively mild. As R ap-
proaches V/20, however, i.e., as the structure is almost
completely depleted, W(R) becomes quite sensitive to
small variations in R.
In conclusion, the fact that the depletion length at a
nanostructure is size dependent should dispel the notion
Table 1
Depletion length W for GaAs cylinders of varying doping
density, Nd, with radius R = 100 rn







We have utilized the parameters appropriate to GaAs, £ = 13.2
and 0 = 0.7 eV. Also shown is the planar depletion length, WI,
for each doping density.
Table 2
Depletion length W(R) for GaAs cylinders of varying radii with
doping density Nd 10 8 cm-'







For this value of Nd, Wp = 32.0 nm (R. = 45 nm).
Table 3
Depletion length W(R) for GaAs cylinders of varying radii with
doping density Nd = 10" cm-'





For this value of Nd, Wp = 101.2 nm (R. = 143.1 rn).
that there is a unique depletion length associated with a
given interface. Rather, as we have seen in this work, the
depletion length is a property of the entire structure.
This is because in a finite structure, when R A,, the
number of free charges is insufficient to screen the in-
ternal electric fields (created by space-charge regions)
within the available dimensions of the structure. We
note that even the relatively heavy doping concentration
of 1018 cm corresponds on average to just one dopant
atom in a cube of side 10 nm. As nanoscale devices are
made progressively smaller, therefore, we can expect to
see a competition between the device dimensions and the
screening length in determining the depletion charac-
teristics.
Appendix A. Inequality on W(R)
In this appendix we give a proof of (15), Wp <
W(R) < 2W>, which is equivalent to the inequality
2 < I y()< iv (A.l)
when expressed in terms of the dimensionless quantities
x and y in (10). To prove the right-hand side of (A. 1) we
make use of the elementary inequality In w < w I for
I < w < oc. Substitute w - y 1/2 to obtain the inequality
I y 1/2 < In -y for 0 < y < 1. Then, multiply this re-
sult by 2y to get 2 (y y ) <ylny, which in turn implies
the inequality for 0 < y < 1,
(1 y) < I y(l Iny) =v x,
888
(A.2)
J.H. Luscombe, CL. Frenzen I Solid-State Electronics 46 (2002) 885-889
where we have used (10) on the right-hand side of (A.2).
Take square roots in (A.2) to obtain the right-hand side
of (A 1).
The proof of the left-hand inequality in (A.l) is
more difficult. We start with the known inequality [6],
ln(zly) > 2(z y)l(z +y) for O < y <z. Set z I in this
last inequality to obtain Iny > 2(1 y)/( + y) for
0 < y < 1, which, after some algebra implies,
I y(l Iny) < (I y)/ (1 +y) (A.3)
for O <y < 1. Divide (A.3) by 2, substitute x 1 I
y(l Iny), and take a square root to get the interme-
diate result,
/x (I y) 2(1 y).
£ 0. While we omit the details, it can be shown that
the leading term in an asymptotic expansion of y(c) as
£ 0 is given by
y() -- ln + O(/ (ln2)).
Utilizing W(R) - R[- y(x)], (B.2) implies that
W(R) I + I (RIR) 2





as R R, from above.
(A.4)
If we can show that I -Y > (I y) / 2(1 y) for
0 <y < 1, we are done. This, however, is equivalent to
I + +y < 2(1 y, which is readily shown to apply for
O<y< 1.
Appendix B. Almost-depleted regime
In (13), we gave the small-x expansion of y(x), the
physical solution of (10). This led to (14), which, in the
large-R regime, R > Wp, reveals how the depletion
length for the curved surface differs from that for the
planar interface. In this appendix, we examine the limit
of W(R) as R Rc, i.e., the behavior of W(R) as the
structure becomes almost completely depleted. In terms
of the dimensionless parameters x and y, this corre-
sponds to the limit y 0 in (10) as x 1. This suggests
that we attempt to develop a power-series expansion of
y(x) in the quantity I -x. If we let x - I , where £ is a
small positive number, then we are interested in the
solution of
y(l Iny) - c (B.l)
as £ 0. Two roots exist for (B. 1) as £ 0; y e and
y 0. Clearly we seek the solution to (B.i), y(g), that
vanishes as £ 0. It is not possible, however, to develop
a power-series expansion of y(c) in terms of £; one
cannot neglect the logarithmic singularity in (B.1) as
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